Fourier multiport devices in which the creation and annihilation operators at the output are related to those at the input through a finite Fourier transform are studied. A general method for the calculation of the output for arbitrary input states is presented. The case of a squeezed state at one of the inputs and vacua at all other inputs is discussed. In the case of thermal states at the input, the device can be used as a thermometer. A factorization technique inspired by the fast Fourier transform leads to a substantial reduction in the number of beam splitters that are required for the experimental implementation of these devices.
method is based on a decomposition of the states at the input into eigenstates of the unitary operator U F that describes the device. For coherent states at the input we show that we also get coherent states at the output, and our second method uses a decomposition of the states at the input into coherent states.
We consider two important examples. In the first one, we have a squeezed state at one of the inputs and vacua at all the other inputs. We show that the output states are entangled.
In the second example, we have thermal states at all inputs. An interesting case is when all these states apart from one have equal temperature which is known. This device can be used as a 'thermometer' to measure the unknown temperature.
The Fourier multiport device can be realized with
beam splitters in conjunction with appropriate wave plates to adjust phases [10] . Clearly, for large d a large number of optical components are required. Here we propose a scheme for the reduction in the number of optical components at large d. The scheme is based on the 'fast Fourier transform' method which factorizes appropriately large Hilbert spaces as tensor products of smaller ones. The Fourier transform is performed in the smaller spaces and the results are appropriately combined to produce the Fourier transform in the large space. This is extensively used in numerical calculations of Fourier transforms, in order to reduce the computation time. Here we use a similar scheme to reduce the number of beam splitters. There are many fast Fourier transform schemes [18] , and we use that by Good which is based on a factorization of d as 
Fourier multiport devices
We consider a 2d-port device (with d inputs and d outputs). We use the notation
for the annihilation and creation operators of photons at the Mth input, where the indices are integers modulo d. They satisfy the commutation relations a M , a †
A Fourier multiport device performs the unitary transform
We use the notation A M and A † M for the annihilation and creation operators of photons at the output, and we get
and similarly for A † M . We note that
and therefore the average number of photons at the output of this device is equal to the average number of photons at the input. This is of course a general feature of passive linear optical devices.
Eigenstates of U F
F is a d × d unitary matrix which performs a finite Fourier transform in the context of finite quantum systems. We diagonalize the matrix i ln F as follows:
The matrix F has the eigenvalues 1, i, −1, −i, with multiplicities given in [20] . Consequently, the eigenvalues M of i ln F take the values π/2, 0, (−π)/2, −π . As an example, we give in the appendix the matrices W and E, for d = 5. We now introduce the creation and annihilation operators
and the corresponding number states
They are eigenstates of the operator U F :
Therefore, when these states enter the device, they exit with a trivial phase factor.
States at the output
Here we assume a general state |s at the input of the Fourier multiport device and calculate the state at the output. We present two different methods. In the first method, we expand |s in the basis of equation (7):
It is easily seen that the state at the output of the device is
The second method is to expand the state |s into coherent states. For coherent states at the input, the output states are also coherent states
Equation (3) has been used in the proof of this relation. A consequence of this is that for an arbitrary input pure state |s
the output is
and A i are related to α j through the Fourier transform of equation (11) . 
A squeezed state and vacua at the input
be the displacement and squeezing operators, respectively. A single-mode squeezed state is defined as
We assume that the K input mode is in a squeezed state and all other ones are in vacua.
The output state in this case is
As an example, we consider the case d = 3 with the squeezed state in the K = 1 mode and vacua in the 0, 2 modes. In all our numerical results, the squeezed states have an average number of four photons, and therefore according to equation (4) the output state also has a total average number of four photons. In the numerical work, we truncated each of the three Hilbert spaces at N max = 10 so that the average number of photons in each mode is much smaller than N max . We consider the case of real ξ , and then the average number of photons in the squeezed state is
We have calculated the probability distribution
Results for ξ = 0.5 are shown in figure 1 for N 0 = 1. Since the total average number of photons is 4, it is seen that the probabilities are practically zero when any of the gets close to N max = 10. Therefore, the truncation at N max = 10 is sufficient for a good approximation.
We next introduce the conjugate variables
In an optical context, they are the magnetic and electric fields, and they are analogous to position and momentum of the harmonic oscillator. We have also calculated the following average positions and their uncertainties:
and also the corresponding average momenta and their uncertainties. Results are given in figures 2 and 3 for various real values of ξ . In figure 2 , it is seen that
This is explained if we use equation (3) to show that x 0 = M U † F x M U F , and similarly for the momentum. The fact that we have a vacuum at the zero input mode leads to the result of equation (23). In figure 3 , it is seen that ( x 2 )
2 takes values less than 1/2 which indicates squeezing in mode 2. So at the input we have a squeezed state in the mode K = 1 and at the output we have a squeezed state in the mode K = 2. We note that although the inputs are the same in the 0, 2 modes, their outputs are different. This is because
From the full density matrix R = |S S|, we calculate the reduced density matrices
and calculate the entropic quantities S(R i ) and where S(ρ) = −Tr ρ ln ρ is the von Neumann entropy. For the example considered, we found
Numerical results for this quantity are shown in figure 4 . It is seen that the entropies S(R 0 ) = S(R 1 ) = S(R 2 ) are non-zero, which shows that R 0 , R 1 , R 2 are mixed states. Since the full state R at the output is a pure state, we conclude that it is an entangled state and the entropies presented can be used as measures of entanglement. We note that other devices which involve beam splitters and have squeezed states at the input can also produce entangled states at the output [17] .
Thermal states at the inputs
In this section, we consider thermal states with different temperatures at the various inputs:
where
In this case, the output is described with the density matrix
In the special case that all inverse temperatures are equal to each other
the output is exactly the same density matrix. In this case, we simply have thermal noise at the input and thermal noise at the output. We next consider the case when all the inputs are thermal states with the same inverse temperature β, except the K mode where the inverse temperature is β + λ. The density matrix is
Using the general result of equation (29), we find that the density matrix at the output is
As an example, we have chosen d = 3, K = 1, β = ln(1.75) and λ = 0.4 and we have calculated the probability distribution
Results are shown in figure 5 for N 2 = 0. It is seen that the probabilities are practically zero when any of the N 0 , N 1 , N 2 gets close to N max = 10. Therefore, the truncation at N max = 10 is sufficient for a good approximation. We have also calculated the entropic quantities of equation (26). We find that I 01 = I 02 = I 12 . The numerical values shown in figure 6 indicate that when λ = 0 the outputs are correlated. This is not surprising because although at the various inputs we have thermal noise, there is information in the fact that the temperatures are different and this leads to nontrivial results (correlations between the various outputs).
Fourier multiport devices as thermometers
This device can be used as a 'thermometer' for thermal states as follows. For small values of λ/d, we can approximate equation (32) with Using this we have calculated the reduced density matrix at the zero mode at the output
and the corresponding second-order correlation
Results are shown in figure 7 . In order to use this device as a thermometer of thermal states, we input the thermal state whose temperature we want to measure at the zero mode, and we input thermal states of equal known inverse temperature β at the modes 1, . . . , d − 1. We then measure g (2) − 2 at the output of the zero mode. Non-zero value of this indicates deviation from the thermal state. Figure 7 can be used to find the unknown temperature. The slope of the curves in figure 7 increases as a function of d, and therefore the accuracy of the thermometer increases with d. This can be understood from equation (35) which shows that for a given λ, the probabilities N |R 0 |N with large N are increasing functions of d. Therefore, as d increases, the distribution becomes wider and g (2) − 2 increases.
Fourier multiport devices with a small number of beam splitters
Fourier multiport devices can be implemented with d(d − 1)/2 beam splitters [10] . For large d, this requires a very large number of beam splitters. In this section, we propose a scheme for the reduction in the number of beam splitters. Our scheme is inspired by the 'fast Fourier transform' philosophy where a large Fourier transform is decomposed into many smaller ones, and this substantially reduces the computation time. In our context, this decomposition will enable us to greatly reduce the number of beam splitters required in implementing large Fourier devices, and therefore make them much more realistic prospects in the laboratory. There are many fast Fourier transform methods [18] . Here we use the method introduced by Good which is based on the Chinese remainder theorem. This scheme has been used in the context of finite quantum systems in [19] . We first factorize 
. We first introduce the integers r i and t i :
Here, t i is the 'inverse' of r i within Z(d i ). Its existence is guaranteed by the fact that r i and d i are coprime. We also introduce s i = t i r i in Z(d).
The first one-to-one mapping between Z(d) and
The second one-to-one mapping between Z(d) and
The proof that these maps are indeed one-to-one is based on the Chinese remainder theorem. Two useful formulae are
and also
They can be used to show that
Using the mappings (38) and (39), we relabel F KM of equation (2) as
where F i is the d i × d i Fourier matrix with elements
It is very important that when K is relabelled according to the map of equation (38) M should be relabelled according to the 'dual map' of equation (39). In equation (43), we have the tensor product F 1 ⊗ · · · ⊗ F N which can also be written as
The matrices on the right-hand side commute with each other and by taking the logarithm we find that 
where U j is
This contains a d j -dimensional Fourier transform F j in tensor product with a d/d j -dimensional unit matrix. Therefore, practical implementation of this transform will require d/d j Fourier multiport devices, each of which implements the F j Fourier transform. The total number of beams splitters in this device is
As an example, we consider the case where d = 15, d 1 = 5 and d 2 = 3. In this case, we find that r 1 = 3, t 1 = 2, s 1 = 6 and r 2 = 5, t 2 = 2, s 2 = 10. Therefore, M = 6M 1 + 10M 2 (39) is also shown in detail. We note that in this case the factorization reduces the number of beam splitters from 105 to 45.
Discussion
We have considered Fourier multiport devices in which the creation and annihilation operators at the output are related to those at the input, through the finite Fourier transform of equation (3) . This device performs the unitary transformation U F of equation (2) . The eigenstates of U F have been given in equations (6) and (7). They can be used to calculate the states at the output as described in equation (10) . An alternative method for the calculation of the states at the output is based on an expansion in terms of coherent states as described in equation (13) .
We have studied in detail the case of a squeezed state at one of the inputs and vacua at all the other inputs. The output is an entangled state. Various quantities that characterize the output states have been presented in figures 1-4.
We have also studied the case of thermal states at all inputs. When the temperatures are different, we get correlated states at the various outputs. We have explained how in this case the device can be used as a thermometer. We put the thermal state with the unknown temperature at the zero mode and thermal states of equal temperature at all other modes. Measurement of the second-order correlation g (2) at the zero output gives the unknown temperature as shown in figure 7 .
Experimentally, the Fourier multiport device can be realized with
beam splitters. For large d, it is highly desirable to have a technique which reduces the number of the beam splitters. Inspired by the fast Fourier transform, we have proposed the factorization of equations (47) and (48). Using this factorization, we have designed a Fourier multiport device with 15 inputs and 15 outputs in figure 8 .
This work indicates the importance of Fourier multiport devices in modern optical technologies.
Appendix
Using a computer library (e.g., MATLAB), we calculate the unitary matrix W and the diagonal matrix E in equation (5) 
